The well known theorem of Lyapunov is generalized to characterize matrices whose spectra lie in a given open convex angular sector. Related facts about positive definite matrices, the polar decomposition and matrices with cramped spectra are also given.
and (2) see [3 ,4] . (3) is of interest in that it points out that Lyapunov's Theorem relates a region of containment for a-(A) to a region of containment for the field of values of a positive definite multiple of A. In particular the two conic regions of containment are the same. We shall show that the R of Lyapunov's theorem (3) can be replaced by an arbitrary open positive convex cone f (f shall be such throughout). This then characterizes {A I a(A) C f} and relates the eigenvalues and field of values for arbitrary matrices. It should be noted that the following is of interest only when f describes an arc of less than or equal to 71". THEOREM A: The set a-(A) C f if and only if there is a GEl such that F(GA) C f.
We present the proof of the theorem using 3 lemmas.
Let Co denote the convex closure and d the distance function. 
PROOF: It suffices to show a-(A) C Fang (GA).
Since GEl, G may be written
PROOF (of theorem): Suppose a-(A) C f; choose 5 by lemma 1 so that PROOF: It suffices to show that a-(A) C Fang (GA) for all A implies GEl since the converse has been proven in lemma 3. / First let A run through 1 and notice that (J"(AG*)C Fang(GAG*)=Fang(A)=the positIve real axis. This means that (J"(GA) is real and positive for all AE1. Now write G in its polar form G=UH whe re U is unitary and HEt. We may take A=H -tEl and then GA=UHH -I=U. Since (J"(U) = (J"(GA) is r eal and positiv e, U ca n o nly be th e id e ntity. Thu s G=HE1.
Several remarks now follow from the preceding. by Theorem B.
In order to c haracterize the matri ces whose eigenvalu es li e in a half-plan e, we define a matrix A to be cramped if (1) deL A 0/= 0 and (2) the set {I~II ~.E(J"(A)} lie s on an arc of the unit circle of less than 180°. It is clear that thi s is equivale nt to saying the maximum pairwis e difference of the arguments of the eigenvalues is less than 7r (and 0 ~ (J"(A) ) or the re is a 8 such that (J"(eiOA) C R.
We then have COROLLARY 4: If det A ¥= 0, the following statements are equivalent:
A is cramped;
(ii) If AES(r), then also by theorem A, we have F(GA) cf for some GE1_ Since G-tEl and A = G -I (&A) we Ilave AE2;· F(r) to complete the proof.
Finally one question is suggested and left for further study by theorem A_ How may we characterize the B's such that F(B)Cf, B=GA where GEl and (J"(A)Cf, or alternatively how do we characterize the G's in k such that F (GA) c r. When r = R, this question is answered in part by Lyapunov's theorem (1) and the invertibility of the Lyapul)ov operator. In this case any positive definitite real part may be obtained, but with each real part only one imaginary part may be obtained. Thus many B with F(B) cR are omitted from the range."
